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Abstract
Let  and  be two arbitrary graph parameters that satisfy (G)>(G) for every graph G.
For any k 2 N0 the class (k) is the hereditary class of graphs that consists of all graphs G
such that (H)−(H)6k for every induced subgraph H of G. The elements in (k) are called
(k)-perfect graphs. This new concept was recently introduced and studied by Zverovich in (J.
Graph Theory 32 (1999) 303{310) for the domination number , the independent domination
number i and the independence number . Let   and IR denote the upper domination number and
the upper irredundance number, respectively. Our main aim in this paper is the characterization
of  (k) in terms of forbidden induced subgraphs which generalizes a recent result of Gutin
and Zverovich in (Discrete Math. 190 (1998) 95{105) on upper domination perfect graphs, i.e.,
graphs in  (0). Furthermore, we extend a number of known results on the classes IR (0) and
 (0) to the classes IR (k) and  (k). c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
All graphs in this paper will be nite, undirected and without loops or multiple
edges. We will use the standard graph{theoretical terminology (see for instance [3]).
The vertex set and edge set of a graph G will be denoted by V (G) and E(G). The
cardinality of V (G) is the order n(G) of G. The set N (x) is the neighborhood of
the vertex x, and N [x] :=N (x) [ fxg is the closed neighborhood of x. For X V let
N (X ) =
S
x2X N (x) and N [X ] =
S
x2X N [x]. For x 2 X V the private neighborhood
P(x; X ) of x with respect to X is dened by P(x; X ) = N [x] n N [X n fxg]. Whenever
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necessary, we will indicate the graph G to which we refer by an index (for example:
NG(x) instead of N (x)). The subgraph of G induced by X V (G) is denoted by G[X ].
A vertex set X is called a dominating set if N [X ]=V (G). The independence number
(G) is the maximum cardinality of an independent set, and the upper domination
number  (G) is the maximum cardinality of a minimal dominating set of G. A vertex
set X is irredundant if P(x; X ) 6= ; for every vertex x 2 X . The maximum cardinality
of an irredundant set is the upper irredundance number IR(G).
The six classical domination parameters of a graph G, i.e., the irredundance num-
ber ir(G), the domination number (G), the independent domination number i(G),
the independence number (G), the upper domination number  (G), and the upper
irredundance number IR(G) are related by a well-known sequence of inequalities
ir(G)6(G)6i(G)6(G)6 (G)6IR(G):
For denitions and detailed information about the theory of these parameters we refer
the reader to the recently published book by Haynes, Hedetniemi, and Slater [3]. Several
hereditary classes of ‘perfect’ graphs have been dened and studied using the classical
domination parameters. Usually, for two of the above parameters, say  and , the class
of -perfect graphs consists of all graphs G such that (H)= (H) for every induced
subgraph H of G. Among the prominent results on -perfect graphs we only mention
here the characterization of the i-perfect, the so-called domination perfect graphs, by
Zverovich and Zverovich [7]. Recently, Zverovich [6] introduced an interesting new
way of dening hereditary classes of graphs that generalize the above-mentioned classes
of ‘perfect graphs’. His approach may be formalized as follows.
Let  and  be two arbitrary graph parameters that satisfy (G)>(G) for every
graph G. For any k 2 N0, the class (k) consists of all graph G such that
(H)− (H)6k
for every induced subgraph H of G. The elements in (k) are called (k)-perfect
graphs. A graph that does not belong to (k) is called (k)-imperfect and a (k)-
imperfect graph is minimal (k)-imperfect if all its proper induced subgraphs are
(k)-perfect.
In [6], Zverovich proved nite forbidden induced subgraph characterizations of the
two classes i(k) and (k) for k 2 N0. He was able to give an explicit construction for
all minimal i(k)-imperfect and (k)-imperfect graphs. That such a strong result was
possible, may partly be due to the fact that the basic classes i(0) and (0) consist
of graphs whose components are complete graphs and are therefore rather trivial and
uninteresting in itself. Only the consideration of i(k) and (k) revealed an interesting
structure.
In [2], Gutin and Zverovich gave a characterization of the upper domination perfect
graphs, i.e., the class  (0), in terms of forbidden induced subgraphs.
In this paper it is our aim to extend and generalize the central results [2] in the
spirit of the approach of Zverovich. In the next section we prove some properties
of the minimal  (k)-imperfect graphs which will be used in Section 3 to give a
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characterization of the  (k)-perfect graphs. Then we show that  (k) IR (k) for
all k 2 N0, and we extend a number of known results on the classes IR (0) (known
as upper irredundance perfect graphs) and  (0) to the classes IR (k) and  (k).
2. Properties of minimal  (k)-imperfect graphs
A minimal dominating set D of a graph G with jDj=  (G) will be called a  -set.
Lemma 2.1. Let G be a minimal  (k)-imperfect graph for some k 2 N0 and let D
be a  -set of G. Then
(i) The induced subgraph G[D] contains no isolated vertex.
(ii) If D=fx1; x2; : : : ; xrg and yi 2 P(xi; D) for 16i6r; then V (G)nD=fy1; y2; : : : ; yrg:
(iii) The edges with one end in D and the other end in V (G) n D form a perfect
matching of G.
(iv) V (G) n D is a  -set of G.
(v) The minimum degree (G)>2.
Proof. We rst prove (i) and (ii). Let D0D be the set of vertices that are not
isolated in G[D]. For every x 2 D0 choose a private neighbor yx 2 P(x; D) 6= ; and
let D00 = fyxj x 2 D0g. The choice of D0 implies yx 6= x for all x 2 D0.
Since for every independent set I of the subgraph H=G[D0[D00], the set I[(DnD0)
is an independent set of G, we obtain (G)>(H) + jDj − jD0j. By construction, the
set D0 is a minimal dominating set of H , and hence we deduce
 (H)− (H)> jD0j − (H)>jD0j − (G) + jDj − jD0j
=  (G)− (G)>k + 1:
Therefore, the hypothesis that G is a minimal imperfect graph implies G=H , and the
proof of (i) and (ii) is complete.
Finally, it is a simple matter to verify (iii){(v).
Lemma 2.2. Let G be minimal  (k)-imperfect for some k 2 N. Then G has an
induced subgraph H with  (H)− (H) =  (G)− (G)− 1.
Especially,  (G) − (G) = k + 1, and G contains an induced subgraph which is
minimal  (k − 1)-imperfect.
Proof. Let I be an independent set of G with jI j= (G), and let D1 be a  -set of G.
By Lemma 2.1, the set D2 = V n D1 is a  -set of G, and the edges with one end in
D1 and the other end in D2 form a perfect matching of G.
Since jI j= (G)< jD1j=  (G), there is a pair x; y 2 V (G) n I of adjacent vertices
such that x 2 D1 and y 2 D2. The set D1 n fxg is a minimal dominating set of the
subgraph H = G[V (G) n fx; yg]. As I V (H), we have (H) = (G), and hence we
obtain
 (H)− (H)>jD1j − 1− (G) =  (G)− (G)− 1:
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3. A characterization of  (k) -perfect graphs
We are now going to dene the class of graphs that we will use in our characteri-
zation.
Denition 3.1. For k 2 N let Wk be the class of graphs H with the following
properties.
(i) (H)>2.
(ii) V (H) = A [ B; A \ B= ;; jAj= jBj= (H) + k.
(iii) H [A] and H [B] contain no isolated vertices.
(iv) The edges of H with one end in A and other end in B form a perfect matching
of H .
(v) If H 0 is a connected component of H , then  (H 0)− (H 0)>1.
Theorem 3.2. Let G be a graph and k 2 N0. Then G is  (k)-perfect if and only if
G does not contain any graph in Wk+1 as an induced subgraph.
Proof. We will use the notation of Denition 3.1. Since for a graph H 2Wk+1, the
set A is a minimal dominating set, we obtain
 (H)− (H)>jAj − (H)>k + 1
and hence no  (k)-perfect graph can contain a graph inWk+1 as an induced subgraph.
Now let G be a  (k)-imperfect graph. Then, G contains a minimal  (k)-imperfect
induced subgraph H . We will show that H 2Wk+1. Lemma 2.1 implies that (H)>2,
and hence Denition 3.1 (i) holds. In view of (i) and (ii) of Lemma 2.1, we have
V (H)=A[B for two  -sets A and B with A\B=; such that H [A] and H [B] contain no
isolated vertices, and the edges of H with one end in A and the other end in B form a
perfect matching of G. According to Lemma 2.2, we observe that  (H)−(H)=k+1
and hence, (H) =  (H)− (k + 1) = jAj − (k + 1). Therefore, (ii){(iv) of Denition
3.1 are fullled. As H is minimal  (k)-imperfect, it has no connected component H 0
with  (H 0) = (H 0) and so Denition 3.1 (v) is valid.
We can easily deduce the result of Gutin and Zverovich [2] as a corollary.
Denition 3.3 (Gutin and Zverovich [2]). A graph G belongs to the class W, if G is
connected, n(G)>10, (G)>2, the vertex set V (G) has a partition V (G)=A[B such
that jAj= jBj= (G) + 1, and the only edges between A and B are a perfect matching
of G.
Corollary 3.4 (Gutin and Zverovich [2]). A graph G is  (0)-perfect if and only if
G does not contain any graph of fG1; G2; : : : ; G15g [W (see Fig. 1) as an induced
subgraph.
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Fig. 1.
Proof. By denition, the class W consists exactly of those graphs in W1 of order
at least 10. It is a straightforward case-checking-problem to verify that G1; G2; : : : ; G15
are exactly those graphs in W1 of order at most 8. Hence, the corollary follows from
Theorem 3.2.
Gutin and Zverovich explicitly determine the graphs in W1 with at most 8 vertices
in order to deduce some special sucient conditions implying  -perfectness that gen-
eralize a previously known result of Cockayne, Favaron, Payan, and Thomason [1] on
IR -perfect graphs. In addition, Gutin and Zverovich [2] related the two classes of
 -perfect and IR -perfect graphs by showing that  (0) IR (0). Next, we present
an extension of this result.
Theorem 3.5. For every k 2 N0; a  (k)-perfect graph is IR (k)-perfect.
Proof. Let G be an induced subgraph of a  (k)-perfect graph, i.e.,  (G)− (G)6k.
We will show that IR(G)−  (G)6k.
Let X be a maximal irredundant set of G with jX j= IR(G) and let H = G[N [X ]].
As PH (x; X ) 6= ;, the set X is a minimal dominating set of H and hence we deduce
that  (H)>jX j= IR(G). Since H is also  (k)-perfect, we obtain
IR(G)6 (H)6(H) + k6(G) + k6 (G) + k;
and this completes the proof of the theorem.
As a generalization of a result of Jacobson and Peters [4], another useful charac-
terization of  -perfect graphs is given in [2], which we also extend to  (k)-perfect
graphs.
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Denition 3.6. Two vertex subsets A and B of a graph G independently match each
other if A \ B= ;, jAj= jBj and the edges with one end in A and the other end in B
form a perfect matching of G[A [ B]. A graph G is said to satisfy Property A(k) for
some k 2 N0, if for any two vertex subsets A and B of G that independently match
each other, the subgraph G[A[B] has an independent set of cardinality jAj − k. (Note
that Property A(0) is exactly Property A in [2].)
Corollary 3.7. Let G be a graph and k 2 N0. Then, G is  (k)-perfect if and only
if G satises Property A(k).
Proof. Since no graph in Wk+1 satises Property A(k), this is a sucient condition
for  (k)-perfectness.
Now let A and B be two vertex subsets of a  (k)-perfect graph G that independently
match each other. The fact that A is a minimal dominating set of H =G[A[B] implies
that (H)> (H)− k>jAj − k, and consequently, G satises Property A(k).
Corollary 3.8 (Gutin and Zverovich [2]). A graph is  (0)-perfect if and only if it
satises Property A(0).
The next characterization follows directly from Theorem 3.5 and Corollary 3.7.
Corollary 3.9. Let G be a graph and k 2 N0. The graph G is both  (k)-perfect
and IR (k)-perfect if and only if G satises Property A(k).
The special case k=0 in Corollary 3.9 goes back to Jacobson and Peters [4]. Finally,
we can give a generalization of a result of Topp [5].
Corollary 3.10. Let G be a graph. If there is a set of vertices X V (G) such that
every cycle of odd length has a vertex in X , then G is  (bjX j=2c)-perfect.
Proof. Suppose that A; BV (G) independently match each other and let H=G[A[B].
Then, the subgraph H 0 = G[(A [ B) n X ] is bipartite and hence
(H)>(H 0)>
 jV (H 0)j
2

>

2jAj − jX j
2

= jAj −
 jX j
2

:
Combining these inequalities with Corollary 3.7, we obtain the desired result.
Considering the p disjoint copies of the graph H in Fig. 2, it is a simple matter to
construct connected graphs, which show that Corollary 3.10 is best possible for some
jX j= 2p.
Corollary 3.11 (Topp [5]). If G is a unicyclic graph, then G is IR (0)-perfect and
 (0)-perfect.
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Fig. 2.
As many of the graphs in the classesWk for k 2 N are not minimal  (k)-imperfect,
it is an immediate question whether there exists only a nite set of minimal  (k)-
imperfect graphs. That this is not the case may be seen by the following example.
For l 2 N0 the graph H (l) arises from the graph H in Fig. 2 by subdividing the
edge uv 2 E(H) exactly 2l times. It is straightforward that H (l) 2W1 and that H (l)
is minimal  (1)-imperfect for l 2 N0. For k > 1 just consider the disjoint union of
k graphs H (l).
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